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Involutive extensions of fixpointed
mianorm—based logics’
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[Abstract] Yang recently investigated standard completeness for
fixpointed mianorm—based logics. This paper extends these logics to
involutive ones. More exactly, first involutive fixpointed mianorm—based
logics and their algebraic semantics are introduced. Next, some
examples of involutive fixpointed mianorms are considered. Finally,
standard completeness for the systems are provided.
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1. Introduction

One of important research areas in substructural
(core) fuzzy logic, called (core) semilinear logic, is to
consider involutive extensions of basic substructural
fuzzy logic systems. For instance, after Yang (2016)
introduced standard algebraic semanticsl) for the fuzzy
logic system MIAL (Mianorm logic), he (2017a)
investigated such semantics for its involutive extension
IMIAL (Involutive MIAL).2)

Some involutive extensions having standard algebraic
semantics require the fixpoint axiom t < f (FP) as well
as the axioms for involution. For instance, the involutive
extension of UML (Uinorm mingle logic) having such
semantics, i.e., the system IUML (Involutive uninorm
mingle logic), requires both fixpoint and involution
axioms. This means that the system UML with the
involution axiom (RMT) is not standard complete, 1.e,
not complete with respect to (w.r.t.) standard algebraic
semantics (see Yang (2019)).

In this respect, it 1s interesting to study involutive
extensions of basic substructural fuzzy logics with

fixpoint and their standard completeness. Here we note

) Standard algebraic semantics is algebraic semantics on the real unit interval
[0, 1]. Fuzzy (semilinear resp) logics having with standard algebraic
semantics are called core fuzzy (semilinear resp) logics and such
completeness 1s called standard completeness.

2) For more such examples, see Yang (2020a).
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that Yang (2020b) recently investigated fixpointed
semilinear logics and their standard completeness. This

gives a natural question as follows.

Q: Can we provide standard completeness for the
involutive extension of those fixpointed semilinear

logics?

The answer is ‘yes' . To verify it, first we
introduce 1involutive extensions of the fixpointed
semilinear logics introduced in Yang (2020b) and
consider their algebraic completeness. We next provide
some examples of involutive fixpointed mianorms.
Finally, we study standard completeness for those

logics.

2. Logics and algebraic semantics

As preliminaries, we discuss involutive extensions of
the fixpointed mianorm—based logics introduced in Yang
(2020b) and their algebraic semantics. We base these
logics on a countable propositional language, which has
Fm, a set of formulas, being inductively built from VAR,
a set of propositional variables, binary connectives V,
AN, &, —, -, and constants F, T, t, f, with defined
connectives: '@ = a —f ~a = a ~»f a o B :
(¢ & B) N (B — a), at '= a Nt "a = a & («a
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& - & (e & a) ), n factors; and a" = ((+ (a &
a) & -+ & a) & a, n factors.

Definition 2.1 (/) (Yang 2016; 2017a) The following
are axiom schemes and rules for MIAL.:

(¢ N B) = a, (a N B) — B,
((a—=B)N(a—7)) = (a—=>(BA7Y));

a > (a VvV B), B > (a V B);
((a=7)N(B—=7)) = ((aVB)=7);

F—a (t— a) < a (ar& B = (a N B);

a > (B = (B & a)); a > (B8~ (a & B));

(B & (e & (¢ > (B — 7)) — 7

((a & (a =~ (B = 7)) & B) = 7;

((a > (a & (¢ = BN&B — 7)) = (¢ — 7);
((a = ((a=~p) & a))) & (B — 7)) = (a ~ 7);
(a—B) V ((0&e)=>(0&(e&(B—a)y))) (PLas );
(a—B) vV ((8&e)=>((8&(B—a))&e)) (PLa's c);
(a—pB) V (6—=(e=>(e&d)&(B—a)y))) (PLbs.¢);
(a—pB) V (6—=(e=~((e&d)&(B—a)y))) (PLb's. ¢);
a > B, a - B a - a

a b (6 & e¢) > (6 & (e & a));

a F (6 & e)—> (8 & a) & ¢€);

a F 6 > (e » ((e & 0) & a));

a F 6 > (e = (6 & €) & a)).

IMIAL, the involutive MIAL, is MIAL plus

~a — a (double negation elimination, DNE(1));
~a — a (DNE(2)).
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FIMIAL, the fixpointed IMIAL. is IMIAL plus t < f{
(F).

(i) Consider the following structural axioms:

(contraction, ¢) ¢ — (a & a)

(expansion, p) (@ & a) — «a

(left n—contraction, ¢,) "ta < "a, 2 < n

n—1

(right n—contraction, ¢, « — ¢" 2 <n
(left n—mingle, my) "a < "ta, 2 < n

(right n—mingle, m’y) o™ — "' 2 < n.

FIMIALs, S € {c p, ¢ ¢ m 0y}, is an involutive

fuzzy logic extending FIMIAL.

We henceforth fix S as a subset such that S € {¢, p,

/ r / r
Cny Cp, My, miak.

Definition 2.2 FILs = {FIMIALs: S € {c¢ p, »

/
my, mat}

Remark 2.3 By dropping the axiom # from FIMIAL,
we have the system IMIAL introduced in Yang (2017a);
by eliminating the axioms DNE(1) and DNE(2) from
FIMIAL (IMIAL resp), we obtain the system FMIAL
(MIAL resp), see Yang (2020b; 2016). Note that
FMIALs has been introduced in Yang (2020b).

Henceforth, we, for convenience, use the notations,
“N » “—| ”» “_) » ““Nv) » “\/ » and “/\ “ both aS

) ) b ’ ’
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propositional connectives and as algebraic operators.
We next introduce algebraic structures characterizing
FIMIALs € FILs. Let 'x, ~x, and x; be x — {, x ~ f,

and x A t, respectively.

Definition 2.4 () (FIMIAL-algebra, Yang (2017a)) A
FIMIAL —algebra is an algebra A = (A, 1, T, t, f, V,
A, * —_ -») such that:

(I) (A, T, L, V, A) is a bounded lattice.

() (A, %, t, ) is a fixpointed unital groupoid.

(M) for all x, v,z € A, x*y < ziff y < x — z iff

x <y -~ z (residuation).

(IV) for all x, v, z, w € A,

st < (x—y)e V ((z#w) = (25 (wr (y=x)y)) (PLaj, ™)

et < (x—2y) V ((z#w) = (25 (y=x))*w)) (PLa's ™)

et < (x—y) V (z=(w— ((we2)#(y=x)y)) (PLbys %)
et < (x—y) V (z=(w ((we2)* (y=x)))) (PLb's ).

(V) ~7x = x (ODNE(D)?), 7'~x = x (DNE(2)Y.

(i)  (FIMIALs—algebras) The following are the
inequations for the axioms introduced in Definition 2.1
(in): for all x € A,

ex < xxx (M e x*xx <x (P

e Ty <% 2<n, (I e X < XY 2<n, (D);

chy < T 9<n (A e X < XL 9<n ().

FIMIALs—algebras, S < {c*, p* Jbr &b wb, o',

are defined along with corresponding inequations.

IA
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We call a FIMIALs—algebra /inearly ordered if x < vy
or y = x for each pair x, y. We define an A—valuation
as a map v : Fm — A such that v(#(aq, =, an)) = #
Yv(ay), -, v(ayn)), where # € {—, =, & A, V, T,
F, t, f} and #* € {>, =, % A, V, T, 1, t, f}. We
say that a formula ¢ is valid in A in case t < v(a)
for all A—valuation v and that an A-—valuation v is an
A —model of T in case t < v(a) for all « € T.

Theorem 2.5 (Completeness) Let T be a theory over
FIMIALs € FILs and ¢ a formula. T FrmaLs @ iff for
all linearly ordered FIMIALs—algebras A and an

A—valuation v, if v i1s an A—model of T, then t = v

(a).

Proof: This claim is a corollary of Theorem 3.1.8 in
Cintula & Noguera (2011). [

3. Involutive fmianorms and their examples

In this section, by 0, 1, & and &, we denote L, T,
identity t, and any f, respectively, on the real unit
interval [0, 1]. We first note that standard
FIMIALs—algebras are FIMIALs—algebras over the real

unit interval [0, 1].

Definition 3.1 (/) (Mianorm, Yang (2016)) A mianorm
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is amap O : [0, 11* = [0, 1] such that for all x, v,
z € [0, 1] and for some € € [0, 1]:

« € Ox=x0O €& = x (identity), and
cif x <y, thenx Oz =y OzandzOx =20y
(monotonicity).

(i) (Fixpointed mianorm, Yang (2020b)) A fixpointed
mianorm (fmianorm for short) is a mianorm with 9 =
.

(i) (Yang (2020b)) S—fmianorms, S < {& p* A
oA mE Y, are defined, along with their
corresponding inequations.

(/v) (FIMIALs—mianorm) Involutive S—fmianorms are
S—fmianorms satisfying (DNE(1)* and (DNE(2)%).

We call these fmianorms FIMIALs—mianorms.

A mianorm O is called conjunctive if 0 O 1 =1 O 0
= 0.

Note that an involutive pair of negations (', ~) is
called cyclic if 'x = ~x for all x in [0, 1]. A
residuated pair of implications (\, /) is involutive if it
further satisfies (DNE(1)*) and (DNE(2)*). Note also
that the operator * of any standard IMIAL—algebra is a
conjunctive mianorm with identity € and involutively
residuated pair of implications (\, /); conversely, any
involutively residuated mianorm gives rise to an
IMIAL —algebra.

For a cyclic involutive negation

and fixpointed
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identity € (= 7€)) € (0, 1), we introduce some

examples of FIMIALs—mianorms.

Example 3.2 Let ' be a cyclic involutive negation and
identity € (= 7€)) € (0, 1).
() A conjunctive fmianorm (O; and its involutively

residuated pair (\1, /1) are given by:

x O1y = max(0, x+y-€) if y £ "'xand x, y < &;

mnix, v) if y < 'xandx < yorvy = 0;

€ if v = 'x and otherwise;
min(1l, x+y-€) ify> 'xand € < x, vy;
max (X, y) otherwise,

x\iy=""(CyvyOrx),y/hix="""(x0O .

() A conjunctive contractive fmianorm (); and its

involutively residuated pair (\s, /2) are given by:

X Oy y =minlx,y) if y < 'xandx < € ory = 0;

S if v = 'x and otherwise;
min(l, x+y-€) ify > 'xand € < x, v;
max (X, y) otherwise,

x\Vvoy=""(yOrx),y/lox=""(x0O y).

(i77) A conjunctive expansive fmianorm (O3 and its

involutively residuated pair (\3, /3) are given by:
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Xx O3y = max(0, x+y-€) ify< 'xand x,y < €;
min(x,y) if y< 'x and x<y or y = 0;
€ if y < 'x and otherwise;

max (X, y) otherwise,
x\3y= "0y O3x),y/ax="(x0; y).

(/v) A conjunctive right (left) 3—contractive fmianorm
(4 and its involutively residuated pair (\4, /4) are given
by:

x Ory = 0 ify < 'xand x, vy < &;
min(x, y)if y < 'xand x <y ory = 0;
€ if y < 'x and otherwise;
max (X, y) otherwise,

xVMy = "(yOix),y/ax="x0Os y).

(v) A conjunctive right (left) 3—mingle fmianorm s

and its involutively residuated pair (\s, /5) are given by:

x Os v = min(x, y) if y< 'x and x<€ ory = 0;
€ if y < 'x and otherwise;
1 if y > 'xand € <x, v,
max (X, y) otherwise,
xbsy= "(vyOx,v/hx= "0 v

4. Standard completeness



Involutive extensions of fixpointed mianorm-based logics 41

Here we provide standard completeness for FIMIALsg
& FILs via a model—theoretic construction introduced in
Yang (2017a; 2017b). For convenience, we add the

‘less than or equal to’ relation symbol “<” to such

algebras.

Theorem 4.1 (Yang (2020b)) For every finite or
countable linearly ordered FMIALs—algebra A = (A, <
A, L, T, 1 t, V, A, % — ) we can build a countable
ordered set U, a binary operation (), and a map /4 from
A into U such that the following conditions hold:

(I) U is densely ordered, and has a minimum Min, a
maximum Max, and special elements €, 9.

(I) U, O, <, €, 9) is a linearly ordered, monotonic,
unital fixpointed groupoid.

(I) O is conjunctive and left—continuous.

(IV) A is an embedding function of the algebra (A, <,
1, T, f, t V, A, ®) into (U, <, Min, Max, 9, €&,
max, min, ), and for all k, 1 € A, A(k — 1) and A(k
~> 1) are the residuated pair of A(k) and A() in (U,
<, Min, Max, 9, €, max, min, ).

(V) O satisfies structural properties corresponding to
those of *.

Lemma 4.2 For every finite or countable linearly
ordered FIMIALs—algebra A = (A, <A, L, T, f t, V,

A, % —_ ~») we can build a countable ordered set U, a
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binary operation (O, and a function A from A into U

such that the conditions (I) to (V) in Theorem 4.1 and

the following condition hold:

(VI) For all x € U, x satisfies (DNE(1)* and
(DNE (2)%).

Proof: For convenience, let us suppose that A is a
subset of Q@ N [0, 1] having a finite or countable
number of elements, where 1 and O are greatest and
least elements, respectively. First notice that, for
FMIALs, a monotonic linearly ordered unital fixpointed
groupoid (U, O, <, €, 9) is defined as follows:

U={0, 0} U {kx):k e A\ {0(= 1)} and x
= QN (0kl};

for (k, x), (I, y) € U,
(k, x) < (1, y) iff either k <4 1, or k =x 1 and x < vy;
for FMIAL and FMIALa, A € {c¢, ¢, ¢ where 2<n},
k,x) Our (Ly) = max{(k,x),(,y)} if kxl = kVI, k=4,
and (k,x) < € or (y) < &;
min{(k,x),(,y)} if k¥l = kAz, and

(k, x) < € or (1, y) < €;
(k*], k*l) otherwise, and
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for FMIALs, B € {p, m's ni's,

(k,x) Ous (I,y) = max{(k,x),(,y)} if kx] = kVI, and
(kx) > € or (LLy) > €;
min{(k,x),(,y)} if k¥l = kAl and
kx) < € or (ly) < €&;
(k=l, k¥]) otherwise.

For convenience, we henceforth delete the index A in
<a and =a, In case we do not have to distinguish them.
Next notice that, for FIMIALs, k' denotes the
successor of k if it exists, otherwise k™ = k, for each k
& A. Define "k := k \ 9 and ~k := 9 / k. Then, the
pair of negations (', ~) in A is involutive. Hence, we
have that: k = (D" iff 1 = (k)" and k = (=D iff 1
= (~k)"; moreover, if k < k', then (T'(k"))" = Tk and
(~(k"))" = ~k. Here, we use V below in place of the
U above. Let (V, <) be the linearly ordered set,
defined by

V =A{(k, k):k € Ay U
{(k, x): JK'EA such that k = k'™ > k', and x € Q N
0, K},

and < being the corresponding lexicographic ordering
as above. Then, it suffices to check the condition (VI).

Now, we define new operations ®vy; on V, based on
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Oui, and ®vye on V, based on Oy, as follows:3)

k,x) ® (Ly) = min{9,k,x)O0,y)}
if k=("D" and a/b+a’ /b’ <1, where x = ka/b
and y=la" /b’ , or k < (7D or
if k=(~)" and a/b+a’ /b’ <1, where x = ka/b and
y=la" /b’ , or k < (~1)7; or
k,x) O (l,y)  otherwise.

Note that ®v; is for FIMIAL and FIMIALs, A € {c, ¢,
¢, where 2 < n} and ®vse is for FIMIALg, B € {p,
'y m's,

For conditions (I), (I, (1D, (IV), (VD), and (/),
see Proposition 2 in Yang (2017a) and Proposition 3.2
in Yang (2017b). Hence, we need to consider the
condition (V). For the conditions for FIMIAL. and
FIMIAL,, see Proposition 3.2 in Yang (2017b) and
Theorem 4 in Yang (2017a). For the other conditions
for FIMIAL,,, FIMIAL/, FIMIAL, , and FIMIAL,', see
Proposition 3 in Yang (2019).

Note that the other logics are obtained by combining
some of the structural axioms ¢, p, ¢ ¢ 0n and nf.
We can similarly prove additional properties. As an
example, we consider FIMIAL. 2, 5 which has ®vyji. For

FIMIAL. 2, s we need to further prove right 3—mingle

3) This definition was introduced in Yang (2017a). For convenience,
we drop the indices V; and Vs whenever we do not have to
distinguish them.
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and 2—contractive property for (k, x) € U. Note that it
forms right n—potency, ie., (k, x)* = (k, x)" !, for 3 <
n, and the right n—potency was proved in Yang
(2020a). Thus, it suffices to show that (k, x) < (k, x)*
and (k, x)° = (k, x)*

Case 1. k = (~k)" and 2a/b < 1, where x = ka/b, or
k < (~k)™.

Subcase 1.1. k = k® Since t < k is not the case, we
have k = k> <t = f < (~k)* and thus (k, x) ®y; (k,
x) = min{9, (k, x) Ov1 k, x)} = &k, x) Own &k, x) =
(k, x); therefore, (k, x) < (k, x)% Moreover, since (k,
xX) ®y; (k x) = (k x) On & x) = & x° On & x)
= (k, x)* ®y (k, x), we further have that (k, x)* =
k, x)°.

Subcase 1.2. k = k® This cannot be the case since
the condition implies that k* < k < t, which contradicts
the supposition that k is right 2—contractive, 1.e., kK =
'

Case 2. k = (k)" and 2a/b < 1, where x = ka/b, or
k < (Tk)". The proof is similar to that of Case 1.

Case 3. Otherwise. The proof reduces to that of the
right 3—mingle and 2-—contractive property for
FMIAL/ 2, 5 which is proved in Proposition 4.2 in Yang
(2020b). I

Lemma 4.3 Every countable linearly ordered
FIMIALs—algebra can be embedded into a standard
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FIMIALs—algebra.

Proof: Let V, A, etc. be as in Lemma 4.2. Since (V,
<) is a linearly—ordered countable, dense set with
minimum and maximum, it is order isomorphic to ([0,
11 N Q, <). We take g as such an isomorphism. If (D)
to (VI) hold true, letting for a, b € [0, 1], a ® b =
glg '@ ® g')), and, for all k € A, h' (k) =
g(h(k)), we have that [0, 1] N Q, <,0, 1, €, 5, ® ",
h " satisfy the conditions (I) to (VI) whenever V, <,
Max, Min, €, B, ®, and h do. This means that we can
assume that V. = [0, 1] N Q and < = =, without loss
of generality.

For a, b € [0, 11, let us define ® " as follows,

a ®" b = supxevux=aSUPycUy<p X ® V.

By this definition, we can easily show that it satisfies
monotonicity, identity, fixpoint, and idempotence.
Furthermore, it follows from the definition that ® " is
conjunctive, i.e.,, 0 ® " 1 = 0. The left—continuity of ®
" can be proved as in Proposition 2 in Yang (2017a).

For the other structural properties of ® ", here as
an example we prove the right 3—mingle and
2—contractive property as in Lemma 4.2. Suppose that
in the unit interval <x; : 1 € N> 1s an Increasing

sequence of reals, where supix; : i € N} = x. Then,
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we obtain that x™ ' = supfa” ' ta € [0, 1] N Q a <
x; and x" = supfa" 1 a € [0, 1] N Q, a < x}. For the
right 3—mingle and Z2—contractive property of ® " 6 we
need to show that x < x* and x° = x° Since a < a%
we have that sup{fa :a € [0, 1] N Q, a < x} <
supfa® ta € [0, 1] N Q, a < x}. Thus, we get that x
< x° Similarly, since x° = x°, we obtain that sup{a’
ac 0,11 NQa<xt=supfa®:acs 01l NQa
< x}; therefore, x° = x°.

As an easy consequence of the definition, we have
that ® " extends ®. By (I) to (VD) of Lemma 4.2, A is
an embedding function of (A, <., T, L, t, f, A, V, %)
into ([0, 1], <, 1, 0, €, B, min, max, ® "). Moreover,
® " has a residuated pair of implications, calling it ( —,

Finally we prove that for x, vy € A, Alx \ y) = A(x)
— hly) and Aly / x) = h(x) — Aly). By AV), Alx \
y) and A(y / x) are the residuated pair of implications
of A(x) and A(y) in ([0, 1] N Q, <, 1,0, €, O, min,

max, ®). Thus

Ax) ®" Alx \y) = hlx) ® A(x \ v) < A(y), and
Ay / x) ®" Alx) = Ay / x) ® Alx) < Aly).

For the first case, suppose toward contradiction that
there is a > A(x \ y) such that A(x) ®" a < h(y).
Since [0, 1] N Q is dense in [0, 1], there is q € [0,
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11 N Q such that A(x \ y) < q < a. Hence A(x) ®"
q = h(x) ® q < A(y), contradicting the condition (IV).

The proof for the second is analogous. [

Theorem 4.4 (Strong standard completeness) For
FIMIALs, S € {¢, p, ¢ ¢n s m'}, the following are
equivalent:

(1) T Frmars @.

(2) For every standard FIMIALs—algebra and
evaluation v, if v(Bf) = € for all § € T, then v(a) =
€.

Proof: The (1)—-to—(2) direction is easy. For the
(2)—to—(1) direction, let @ be a formula such that T
#rmiaLs @, A a linearly ordered FIMIALs—algebra, and
v an evaluation in A such that v(g) = t forall § € T
and v(a) < t. Let A~ be the embedding function of A
into the standard FIMIALs—algebra as in proof of
Lemma 4.3. Then, A~ ® v is an evaluation into the
standard FIMIALs—algebra such that 4~ ® v(B) = €&
and yet A~ ® v(ae) < €. [

5. Concluding remark

We investigated involutive extensions of fixpoint

mianorm—based logics. After introducing their some
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examples, we provided standard completeness results
for unknown such logics via Yang' s construction. Note,
however, that this construction does not work for
involutive extensions of mianorm—based logics, 1i.e.,
non—fixpointed involutive  extensions (see  Yang
(2017b)).  To  introduce  such  semantics  for

non—fixpointed involutive extensions remains a problem.
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